

































































472 BEYLKIN, BREWSTER, AND GILBERT

FIG. 3. The flows for Eq. (3.50) with zero forcing.

additional accuracy needed we can use only one relatively more expensive nume
reduction step.

[11.2.3. Bifurcation and stability analysis. The third example we will consider is the
equation

X9-t! 5~1 2 x>t!Ix-t! 1 A sint/el, x~0!' 5 X,, (3.50)

wheree is a small parameter associated to the scale of the oscillation in the forcing te
If the amplitudeA 5 0, then the solutiox(t) has one unstable equilibrium pointgt S
0 and two stable equilibria af; 5 21, 1 (see Fig. 3).

A small perturbation in the forcing term will effect large changes in the asympto
behavior ag tends to infinity. Therefore, the behavior of the solution on a fine scale w
affect the large scale behavior. In particular, if the amplithde nonzero but small, then
the solutionx(t) has three periodic orbits. Two of the periodic orbits are stable while ol
is unstable (see Fig. 4). As we increase the amplitidinere is a pitchfork bifurcation—
the three periodic orbits merge into one stable periodic orbit (see Fig. 5). We would |
to know if we can determine numerically the initial values of these periodic orbits frc
the reduction procedure and if those periodic solutions are stable or unstable. We
compare these results derived from the reduction procedure with those from the as
totic expansion ok for initial values neax, 5 0 and for smalk. Let us begin with the
asymptotic expansion affor small values ob. Assume we have an expansion of the forn

x~t; el ~ 01 ex,~t, t! L e*t, t1 L - - -, (3.51)

where the fast time scaleis given byt 5 t/e. If we substitute the expansion (3.51) into
the Eq. (3.50), we have the equation

> Xy >X1 o >Xp :
1e<1) 5Asint1ex; 1 0-¢e.
>t >t >t













































