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G. BEYLKIN

Migration methods in seismics are computationally intensive and powerful tools for |
interpretation of seismic experiments. A partial list of papers on migration methods in
the geophysical literature include those by Hagedoorn (1954), Lindsey and Herman
(1970), Rockwell (1971), Claerbout (1971), Schneider (1971, 1978), Claerbout and
Doherty (1972), French (1974, 1975), Gardner et al. (1974), Cohen and Bleistein (1977,
1979), Stolt (1978), Berkhout (1980, 1984), Clayton and Stolt (1981), Johnson and
French (1982), Devaney (1984), Gazdag and Squazzero (1984) Tarantola (1984)
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292 G. BEYLKIN

derivation of migration algorithms to solve the linearized inverse scattering problem is

best understood within the theory of pseudodifferential and Fourier integral operators.
The sequence for the derivation of a migration algorithm within this theory can be
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17.1 PSEUDODIFFERENTIAL AND FOURIER INTEGRAL OPERATORS

The title of this section might discourage a non-mathematician since these notions are
not yet a part of the standard cumculum in applied mathematics. However these
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296 G. BEYLKIN

operator Pe L™ an asymptotic expansion of this operator can be constructed:

P=T,+T,-+T_2+ ..., (17.13)
where

T;e L/(X), (17.14)
for j=m,m—1,m—=2,..., and

P-T,-T,.,— - —T)el/ " 1(X), (17.15)

78 '—ﬁ l.ni} - Surh 90 2¥nmoncion o madinla ranniosioin s oo o

Fourier integral operators

An operator of the form
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inverse scattering problem is that of characterization of the perturbation f using
observations of the scattered field u on the boundary 0X of the region X.

If the propagation is governed by the Helmholtz equation, then the scattered field
i(s, r, w) satisfies within the single scattering (or distorted wave Born) approximation
the following integral equation

i(s, r, w)y= — w? J G(y, r, ) f(y)G(s, y, w)dy, (17.19)
X

where G 1s the Green’s function of the background model.
The Green’s function G is the solution of the equation

(VZ4+ 0?nd())G(y, r, w)=8(y—r1), (17.20)

and, in principle, can be computed given the background model. The incident field
G(s, y, w) is due to the point source located at the point s.

Remark 1. Tmplicit in (17.20) is the assumption that the boundary X is not
physical (in our case it means that the index of refraction does not have a jump at &X). If
the boundary is a physical boundary then the definition of the Green’s function changes
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amplitudes.

Remark 2. Equation (17.19) is obtained via standard perturbation analysis. The
range of validity of this approximation was discussed by a number of authors and is not
treated here.

We view (17.19) as an equation for the unknown function f. This is an integral
equation with an oscillatory kernel. We proceed to solve this equation by constructing
a Fourier integral operator (which can be shown to be a pseudodifferential operator)
and to compute the first term of its asymptotics.

We start by noting that the simplest integral equation with an oscillatory kernel is
the Fourier transform '

fiky= J f(y)e~#+dy. (17.21)
X

The solution of this equation is obtained by applying the adjoint operator (the inverse
Fourier transform),

1 a .
f(x):an—)g f fye =dk. (17.22)
R3

Substituting (17.21) in (17.22) we obtain a pseudodifferential operator, which is the
identity operator in this case.
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where
D(s, 1, x)=d(s, x) + P(x, 1), (17.29)
is the total travel time between the source, the point x, and the receiver.

Step 2. At this step we localize the computation to the neighbourhood of the point of
reconstruction x. If e<|x—y|, where ¢ is any positive number, then the result of
integration in (17.28) (over the part of the domain X described by this condition) is
infinitely differentiable and, therefore, will not affect the asymptotics. If |[x— y| <¢ we
replace the phase of the exponent by the first term of the Taylor series '

D(s, r, x)—D(s, r, y) =V, D(s, r, x) (x—y), (17.30)
and ‘freeze’ the value of the amplitude terms at the point x. By doing this we account for

the most singular term in the asymptotic expansion with respect to smoothness. We

obtain from (17.13)
{; (x)= : - Re U g

Step 3. At this step we set w?h(s, r, x) to be the Jacobian of the change of variables

from we[0, oo} and reédX, to ke R®. We have
k=wV D(s, r, x), (17.32)
so that
dk = h{s, r, x)drow*dw. (17.33)
The function h(s, r, x) can be computed by ray tracing using the identity (Beylkin
1985a)
h(s, r, x)dr=n3(1 +cos ¥ (s, r, x))dQ, (17.34)
where
oite p v V90V, (xr) - | 5
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coverage in the space of spatial frequencies. This domain is determined by the map
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we have

SO

Jeauls)= — _1« {' - h(s,r,x) wihe ‘\, . !

i
j
, s
,
:
3 ‘
;
|
1"_.= .

|
I . £
|
i
i
= -
.L = P k] ’
|

. j
)

"’ =

j : ‘

T —

e

Lw;

C

[
-_g » A
‘ ;
1
"



.

302 G. BEYLKIN
Concluding remarks

This paper demonstrates (without proofs) how to derive migration algorithms using
tools from the theory of pseudodifferential and Fourier integral operators. The purpose
of this presentation is to discuss the mathematical technique as it is applied in the
context of seismic problems rather than to propose a specific algorithm. For this i
reason, instead of giving numerical examples, I refer to the papers Miller et. al. (1984, ‘

1987), and Beylkin et. al. (1985), where specific algorithms are gresented along wlth——
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