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ON THE REPRESENTATION OF OPERATORS IN BASES OF
COMPACTLY SUPPORTED WAVELETS*

G. BEYLKINT

Aabstract. This paper describes exact and explicit representations of the di erential operators,
& A' n =12 ... in orthonormal bases of compactly supported wavelets as well as the rep-
resentations of the Hilbert transform and fractional derivatives. The method of computing these
representations is directly applicable to multidimensional convolution operators.

Also, sparse representations of shift operators in orthonormal bases of compactly supported
wavelets are discussed and a fast algorithm requiring Q( log ) operations for computing the
wavelet coe cients of all circulant shifts of a vector of the length = 2™ is constructed. As
an example of an application of this algorithm, it is shown that the storage requirements of the fast
algorithm for applying the standard form of a pseudodi erential operator to a vector (see [G. Beylkin,
R. R. Coifman, and V. Rokhlin, Comm. Pure. Appl. Math., 44 (1991), pp. 141{183]) may be reduced
from@( ) to® (log? ) signi cant entries.

Key words. wavelets, di erential operators, Hilbert transform, fractional derivatives, pseudo-
di erential operators, shift operators, numerical algorithms
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Condition numbers of the matrix of periodized second derivative (with and without preconditioning



-2
i G. BEYLKIN

ﬂn‘ 07,\‘% nd e den Y ) ’o-:k‘_/mo.-:\).-ee,._.) ce im .7/) od

p‘O‘ ded Y Y h Y Y Y
ooy .

T Ve ime)? Ofoima M M al

=0 ’

oledre 0;?}.,9)
, om

o%‘_.“ —@5 jm@—:J_ ‘>j2 0 foia® mMm M P

€=0 -
- f\ 2
B fola- afo~0  fie ek pCc ‘epieen on nd ‘...,),

ﬂ1Remark L Eq» on ./R,}/ nd e ,L -0 w \ elen —oacp of e
coe' cen agy_1 fisﬁ ‘_)A n n _ew ! ! '
Y

k%2
o-;\;n..,) agk_16 K w2 0foim M M ai
k=1 :
ke nce e feng on A‘Tn eqn onﬂB,, -ed o onepon
qm QA e foiqﬁ Yoihcé__pp n e /epie en oh of conl 0-n onl opela 0/~ O
e, c-e. a foi,ﬁ 0'1 ned nk! bvy 4Fﬁﬁnei~ Hoim e
*pec -groceof e dee g de im ¢d n, eqﬂ -7 ST A cie e fed
Jﬂ‘_qf of e'fenc on *4n « e iofeho p pe’ 4- cde - . ! ' .
- ele & n iedwce d,.ﬁéien pp'e ¢ fohco__]ﬁf- n ie e eh  on of condg
~®_ 0N Opeia olamn e dee i ¢ con of o n e 51 e__af-ne i~
e J=ceqr on &7,/ » 1e*c oy o CgO d on .a e pec —y
e f e*yaﬂQf of e oﬂeh - ogql‘eneoh of o _gpde jee n
c e e pem Otm coAphe ey dé megl ¢ /ép/@ en on on VO, e con 'deia

ok e of we opeihyoip e~ - ¢i~ tian foia phd e ope’/a oleof frac on -
q -eien onooun d-ej’ top). v \ |

THe Hilbert tYansfo m.! e PPy On“_‘i’ od o eco_pe onof e
non& nd /d fon,._[@f¥ e~ - qu-% ian foia_p . b Yoh Y

e f’§>
T azi) %) SHELY) 4l * gs:
< —00 T X
v v "
eopi.denoe pracp -4 - Sc X, {
A € /epie én  onof Hon V, \'de‘»ned §¥ ecoe cen
vy Z Y Y
-5 %) - Vo 7 o - .
&/ Adaf/ Ir; ' X L/o-FI ‘OW dX, |12 Z,
—o0 K

¢ n e CO—-Hle ey dejne —~ o ehcoei cen of e non nd f/d fod-
N —qw H fA?’BJ”’JgJEZ A AO B B ' nd .j] el@
ceGR il i nd ;—; of AO By nd.y /e co__]ﬁ(« ed f@__ﬂl e coe —(én
I !

= ) Dl Bl
o Ay i Ok 9k0 2i4k—Ko;

“ k=0 K0=0

5 5 Bt Bt
o7 Ay i Ok Do Foii—ko;

k=0 k°=0



29

OPERATORS IN BASES OF COMPACTLY SUPPORTED WAVELETS -.,Z /

nd
Bl Bt
0'1'542) : i Nk Gro Foiqp—so:
'q k=0 k=0
2 ¥ ¥
A ecoe1 cen r l2z na,é‘.'..) ‘ fy eforo n y e _gf-ne ia-"e jac
eq» on b ' Y b
-15 =) .__‘% -r ).
o/ Akl : ry oo Aok —1wl21—2k+1 1 M2042k—145
‘o k=1
y 9 -
eio* e coei ceri Aop_1 '@ en nes. A—A/’ ﬂn 4%,,{ % ) ndﬂB/) e
o] n e y_pgo'c ofr; fora iae |
Yooy ; Y
5 [ [
O-/P‘.-\‘% rl _|‘L O |2—M
¥ -
By /@ /= n o')EA...) n eim pf 2
b Y
5 ] Z
Sy r B j’.‘)]2 nT.)d : :
~ 7
eo1nrl rl nd e rg enoe e coe" cen rocfnno ¢
de em %fﬂe on &7 ar ndo n...} | ‘{ '
*"pdn./ Z e y occ“ond on./...\.}veco%e e coe” cen
rn 1670 nypﬂd cd‘ @d cem iéy, no‘“e e enehr %eq\ifoueo# n
e coe c%n f ez san foim - _all erkd ﬁ on \'foih ‘a, !
' Ezample., eco..p} es CeA *ple e coe cen r Qf e ¢ ¢J- ian foim_fgim
D»dgc e, dee * 4n n %p e,:%/t-
Eg}axmp of ! !






25

OPERATORS IN BASES OF COMPACTLY SUPPORTED WAVELETS -.,Z /
) .
The coe cients { ;};, ;= —7 --- 14 of the fractional derivative 1= 05 for Daubechies’ wavelet

with six vanishing moments.

Coe cients Coe cients

P . P N
M=6 -7 -2.82831017E-06 4 -2.77955293E-02
-6 -1.68623867E-06 5 -2.61324170E-02
-5 4.45847796E-04 6 -1.91718816E-02
-4 -4.34633415E-03 7 -1.52272841E-02
-3 2.28821728E-02 8  -1.24667403E-02
-2 -8.49883759E-02 9  -1.04479500E-02
-1 0.27799963 10 -8.92061945E-03
0 0.84681966 11 -7.73225246E-03
1 -0.69847577 12 -6.78614593E-03
2 2.36400139E-02 13  -6.01838599E-03
3 -8.97463780E-02 14 -5.38521459E-03
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The coe cients {,LI(J)}I_L*2 for Daubechies’ wavelet with three vanishing moments, where L = 6

‘ I=—L+2
andy =1 --- 8.

Coe cients

)
1l

Coe cients

@)
1l

-3
-2

A W N P, O

1.171875E-02
-9.765625E-02
0.5859375
0.5859375
-9.765625E-02
1.171875E-02
0.

0.
-1.1444091796875E-03
1.6403198242188E-02
-1.0258483886719E-01
0.87089538574219
0.26206970214844
-5.1498413085938E-02
5.7220458984375E-03
1.3732910156250E-04

-1.3411045074463E-05
-1.0904073715210E-03
1.2418627738953E-02
-6.9901347160339E-02
0.96389651298523
0.11541545391083
-2.3304820060730E-02
2.5123357772827E-03
6.7055225372314E-05

-3
-2

A W N B O

-3
-2

A W N P O

-8.3516169979703E-06
-4.0407157939626E-04
4.1333660119562E-03
-2.1698923046642E-02
0.99752855458064
2.4860978555807E-02
-4.9328931709169E-03
5.0836550508393E-04
1.2974760466022E-05

-4.7352138210499E-06
-2.1482413927743E-04
2.1652627381741E-03
-1.1239479930566E-02
0.99937113652686
1.2046257104714E-02
-2.3712690179423E-03
2.4169452359502E-04
5.9574082627023E-06

-2.5174703821573E-06
-1.1073373558501E-04
1.1081638044863E-03
-5.7198034904338E-03
0.99984123346637
5.9237906308573E-03
-1.1605296576369E-03
1.1756409462604E-04
2.8323576983791E-06
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“.; =4 -4 -1.2778211385012E-05 17 =8 -4 -1.2976609638869E-06
-3 -7.1267131716013E-04 -3 -5.6215105787797E-05
-2 7.5265066698194E-03 -2 5.6059346249153E-04
-1 -4.0419702418149E-02 -1 -2.8852840759448E-03
0 0.99042607471347 0 0.99996009015421
1 5.2607019431889E-02 1 2.9366035254748E-03
2 -1.0551069863141E-02 2 -5.7380655655486E-04
3 1.1071795597672E-03 3 5.7938552839535E-05
4 2.9441434890032E-05 4 1.3777042338989E-06
i
'q
opehoh-vo » 0 %e pc »e n e co%@ ed” foia_ua e(ioe cen
t(]) foh e f opéh dimc n ¢ ored rl dé mce nd »ed needed. cve*h
0 edela 1‘ od of » ng ? of e f opeia oindepen\Vd on e
pec jc —i __[y g-e ia" foia %4 1’ ndd ed pie. o
A € f0~0 n nk %Of ppﬂ‘{c on ' ecie n g d'of copg nf
opehoh ecoAme ~po < f . ede ciag f + oiA i='e  ded
deco% of ~'c iewr n f of Aeié)hnd ‘en o o ﬁﬁ ¢ ed\b
ied: hc% Olia © iagn e_cn tof ore of ofa __[Ipf | L
tiec ~ e deco_pp _ on of seciaof e N " no dee
1 reqnie Q) opeu\’ on.¥ nce ecdel cen Yeno f U ian 1S

Y Y

\ \



w8 G. BEYLKIN

. . v v ¥ v
fo~o -e ng Lk ;"7 goneof edecoimof deime on epied on
c-ej «hd CO_par € | !
Yy
ny(fl
) G — j—1 .
W Spe g NSy, o1
n=0
n:y(—l
=) J -, j—1
OT/‘/ Skp-,“ h Sn+2k’
n=0
nd
ny(fl
J — j—1 .
‘T’\‘% s g 9nSy12k—1
n=0
. nSic1
W J -, j—1
Py oy UnS] ok
n=0

AO co__Iﬁﬁe e 'h-__[p"f/') ndoT,);’ e [ gone e egwence sit noT{)
nd.'fugg \ v '

¥
A " eppn fioﬁ}(: -e 0 Cc~e edoh*’e g™ ﬁguoflec otmof deia e

nd ofdve“ence nd e ! =N de e-en  of e‘p of \'eﬁp e/efore
e o 'nn_ﬁuof ope‘u- on n co__]ﬁ(u p.'gvo N, S

' OYLE m oimnze e dec oimdf dbeiencé ' nd leim e fo~o on e e
C,ej — e e \ \ '

y

o vi ST R
nd

e U SSRASTL,

eie dis ‘d,li‘ﬁ Sie —0 nd Si,.T,} ‘e co_pr ed fie __g) ccoidn O.T,L‘ g.)
Y

On e econd c-e e e
\ .

- i
v, JULTed



N -2 i
OPERATORS IN BASES OF COMPACTLY SUPPORTED WAVELT'ETS A/ F

_ ¥ R R

nk ¢ -e foim ¢ She —0 nd Shenw ) e no ] nf~po = coe{ den folaodd

nd el‘(en f ., C ecovec nVy ndus eé. i ‘1\'
e dec oimViiVe ':V, con n —' ecoel_cen eecoet cen e

no o/a n %ed eq\hen ~V.. N oldeia0 'cce ‘ Ye —me eneda & o * ih,;‘l's;j)
nd il,.'l's;j) n QN <o N)opeﬂ» oh foro! T\ ole f i*s ] is N a0f

edec o)k ax’; ;N e'n  ime e h axbpn oh of i,
Y Y - Y Yoy :
T Is b
) 1=0
ele Alvoie Bed ceJ s’ j N eco__pp\;e
l:)’(l
5 . .
Tl 0T ) Ll
1=0
nd
) H ) = l
OTA.LJ/ |l;rs;_l1’ lr,;
l=n—1

eieil;l's,j,/ j n.a e nnﬁguib.'rs;j) pon o e ,q?n nvof e » 4eQ
ohofdveience nv, N ey e o 4ec or0f V; Y'Y hdce ecen 'I'S,J)L [
0 Ve . L % w®
¥ nd IZ;I'S,J,/J_ n-J, n 3 4ec Ole c e ed 1a0d c dec Olm
e pel‘od n— 7\ e n;. ﬂh‘l]o@t,_]‘/ pon 0o e\' H.\’ e'e_.Qﬁ, }
“ od--v c«eﬁ = J n yd' foit e, N* — ecb’im o F
oTA-.‘/ nd.':..b/,,; ee % de » ed ﬂock cce o ecoet ded 1 Aei; Oflm
Vi, VQ,'( 1V, folm con n co eheveﬂ ! v @ ! !
e no ‘é y dée cﬂ-¢ dne of f)p'c on of e -~ OJA g~ ef
PP deco_.]?p onof —~c iew n' f of Jec oim hn__qlﬁ-c n -y ‘l,; e 3
Olm \'__d()f io’de ned oed -m'e &C -deserl Zy _wdoi~ p endod weﬂen -

ope*h olal Leine Kﬁk; y) Vb '
: 7
Fy ¥R KSX; v, f2Y, dy

— 00

¥ con hhc ny 0 fm ny‘?' ed ccni»&y) p ‘«non nd /d oi»\‘ nd /é foia_und

ele j iedvc n eco of ppyn Yo fenc on) '
' Le » /@ mé.‘:‘#‘/ Y '
\ z ..
. ) . ) VY-
:f‘.J [y KX, x  z/feX  z/dz:
.‘f € opeia olaT condo-» on en K&X;X z) KsZ) nc on of z

oy, A € ﬁon ,nd d foi,ATléf chndo-w on ieqn 18 4’ Q=o' NJ) of om
e. eg &b on  cec on/ = -e e \'nd id form gf '~ con n O.W,/ Olm
N nJc n en\' 1 chen fole cotd o on. A. £em Ae'y e' nd id fora_

of K.'Y, X Z‘/ o K.oir - ‘p X nd z fo e conl'o—h bn ope\'h olacon n no

e 1nG0 N, n Jc n en i foiany ¥ ed ccnhéy nce‘r \bﬁeine"depend

on one 4 ia € omry. \



..,Z'AO G. BEYLKIN

‘f € no con ac e nd idfoialng.YX Z
dod vei(sn vopeu- o/ndTio hece fmy COndO-® On 4/
of e opéu oia . tideed

depende?nce of' e7<,eine' KeX; ,/ g,n X o
ten ise n e nd Ve foia -_u of Qo 2 ,/, |

¥.5 e pp fon d ey ncoqﬁftn i ":A.Q%
pre e Ae'e ‘deco
QM) opeit dn .a e - 64: __@f\r

)

/

eo ] n

ee opeh YO iep e en ed n

»pe‘a co — e

e fO‘A__EA’AEQ‘

d e\'nn 1a0f

Y

on of fX z,/ foleeheix X hd t %
e(i on cco pm '€

Y

Y
Y

nece /¥ 0 CO
ppe ‘- S
L Q5N -0

ni im * X ndzfoip en

on

—
‘e

B3N

A 8
-

PP



