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We study the emergence of collective synchronization in large directed networks of heterogeneous
oscillators by generalizing the classical Kuramoto model of globally coupled phase oscillators to
more realistic networks. We extend recent theoretical approximations describing the transition to
synchronization in large undirected networks of coupled phase oscillators to the case of directed
networks. We also consider the case of networks with mixed positive-negative coupling strengths.
We compare our theory with numerical simulations and find good agreement. © 2005 American
Institute of Physics. �DOI: 10.1063/1.2148388�
ynchronization of coupled oscillators is frequently ob-
erved in nature and technology.1,2 Recently, the study of
ynchronization phenomena in complex networks has re-
eived much attention.3–12 A classical model for the phase
ynamics of weakly coupled oscillators is that of
uramoto,13,14 who showed that as the coupling strength
s increased there is a transition from incoherent behav-
or to synchronization. The Kuramoto model assumes all-
o-all connectivity and positive coupling (i.e., the coupling
f two oscillators tends to reduce their phase difference).
owever, it has been recently noted that the topology of
eal world networks is often very complex. In the current
aper, generalizing our previous work which considered
he case of large undirected coupling networks with posi-
ive coupling,12 we discuss the synchronization of many
hase oscillators interacting on large directed networks
ith mixed positive/negative coupling.

. INTRODUCTION

The classical Kuramoto model13,14 describes a collection
f globally coupled phase oscillators that exhibits a transition
rom incoherence to synchronization as the coupling strength
s increased past a critical value. Since real world networks
ypically have a more complex structure than all-to-all
oupling,15,16 it is natural to ask what effect interaction struc-
ure has on the synchronization transition. In Ref. 12, we
tudied the Kuramoto model allowing general connectivity
f the nodes, and found that for a large class of networks
here is still a transition to global synchrony as the coupling
trength exceeds a critical value kc. We found that the critical
oupling strength depends on the largest eigenvalue of the
adjacency matrix A describing the network connectivity. We
also developed several approximations describing the behav-
ior of an order parameter measuring the coherence past the
transition. This past work was restricted to the case in which
Anm=Amn�0, that is, undirected networks in which the cou-
pling tends to reduce the phase difference of the oscillators.

Most networks considered in applications are
directed,15,16 which implies an asymmetric adjacency matrix,
Anm�Amn. Also, in some cases the coupling between two
oscillators might drive them to be out of phase, which can be
represented by allowing the coupling term between these os-
cillators to be negative, Anm�0. The effect that the presence
of directed and mixed positive-negative connections can
have on synchronization is, therefore, of interest. Here we
show how our previous theory can be generalized to account
for these two factors. We study examples in which either the
asymmetry of the adjacency matrix or the effect of the nega-
tive connections are particularly severe and compare our the-
oretical approximations with numerical solutions.

This paper is organized as follows. In Sec. II we review
the results of Ref. 12 for undirected networks with positive
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any heterogeneous coupled phase oscillators. This situation
an be modeled by the equation
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Averaging over the frequencies, one obtains the fre-
uency distribution approximation �FDA�

rn = k�
m

Anmrm�
−1

1

g�zkrm��1 − z2dz . �13�

The value of the critical coupling strength can be ob-
ained from the frequency distribution approximation by let-
ing rn→0+, producing

rn
�0� =

k

k0
�
m

Anmrm
�0�, �14�

here k0�2/ �	g�0��. The critical coupling strength thus
orresponds to

kc =
k0


, �15�

here 
 is the largest eigenvalue of the adjacency matrix A
nd r�0� is proportional to the corresponding eigenvector of
. By considering perturbations from the critical values as

n=rn
�0�+�rn, expanding g�zkrm� in Eq. �13� to second order

or small argument, multiplying Eq. �13� by rn
�0� and sum-

ing over n, we obtained an expression for the order param-
ter past the transition valid for networks with relatively ho-
ogeneous degree distributions17

r2 = 
 �1


k0
2�
 k

kc
− 1�
 k

kc
�−3, �16�

or 0� �k /kc�−1�1, whe2r4 115.078hj
/F6 .768598 406.2813 T
 64444
111..9.978 9j
/F599 Tc
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he adjacency matrix is independently chosen to be 1 with
robability s and 0 with probability 1−s, and the diagonal
lements are set to zero.� Even though the network con-
tructed in this way is directed, for most nodes dn

in�dn
out. For

=1500 and s=2/15, Fig. 1�a� shows the average of the
rder parameter r2 obtained from numerical solution of Eq.
1� averaged over ten realizations of the network and fre-
uencies �triangles�, the frequency distribution approxima-
ion �FDA, solid line�, and the mean field theory �MFT, long
ashed line� as a function of k /kc, where the results for the
DA and the MFT are averaged over the ten network real-
zations �note, however, that the FDA and the MFT do not
epend on the frequency realizations�. �The perturbation
heory Eq. �16� agreed with the frequency distribution ap-
roximation and was left out for clarity.� The error bars cor-
espond to one standard deviation of the sample of ten real-
zations. We note that the larger error bars occur after the
ransition. When the values of the order parameter are aver-
ged over ten realizations of the network and the frequencies,
he results show very good agreement with the frequency
istribution approximation and the directed mean field
heory.

In order to study how well our theory describes single
ealizations, we show in Fig. 1�b� the order parameter r2

btained from numerical solution of Eq. �1� for a particular
ealization of the network and frequencies �boxes�, the time
veraged theory �short dashed line�, and the frequency dis-
ribution approximation �solid line� as a function of k /kc. As
an be observed from the figure, in contrast with the time
veraged theory, the frequency distribution approximation
eviates from the numerical solution �boxes� by a small but
oticeable amount. This behavior is observed for the other
ealizations as well. We note that the FDA and MFT results

re virtually identical for all ten realizations. On the other
hand, the TAT and the results from direct numerical solution
of Eq. �1� show dependence on the realization. Since the
FDA and MFT incorporate the realizations of the connec-
tions Anm, but not the frequencies, we interpret the observed
realization dependence of the TAT and the direct solutions of
Eq. �1� as indicating that the latter dependence is due prima-
rily to fluctuations in the realizations of the frequencies
rather than to fluctuations in the realizations of Anm.

Note that for our example N=1500 and s=2/15 implies
that on average we have din�dout�200. Thus for compari-
son purposes, we generated an undirected network as fol-
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ures, as in the undirected case, the values of the average of
he order parameter obtained from numerical solution of Eq.
1�. The directed perturbation theory gives a good approxi-
ation for small values of k close to kc, as expected. On the
ther hand, the directed mean field theory predicts a transi-
ion point which is smaller than the one actually observed.



W
o
t
�
c
r
o

k
r
s
i
a
t
i
i
h
r
=
s
p
w
T
f

a
o
t
v
�
w
t
a
t
r
F
v
v
=
w
q
v

hen numerically solving Eq. �32� by iteration of Eq. �33�,
n some occasions a period two orbit was found instead of
he desired fixed point. If we denote the left hand side of Eq.
33� by zn

j+1 and the right hand side by f�zn
j �, we found that

onvergence to a fixed point was facilitated by replacing the
ight hand side by �zn

j + f�zn
j �� /2 and finding the fixed points

f this modified system.
In this example, at low coupling strengths �roughly

/kc�4, where kc is computed from Eq. �37�� the order pa-
ameter computed from numerical solution of Eq. �1� is
maller than that obtained from the TAT and FDA. As k
ncreases, however, the TAT and FDA theories captures the
symptotic value of the order parameter r. We note that in
his case the asymptotic value is larger than that correspond-
ng to phase locking �i.e., the one obtained by setting �n=0
n Eq. �35�, r�0.54−0.46=0.08�, which we indicate by a
orizontal dot-dashed line in Fig. 4, and much smaller than
=1, the value corresponding to no frustration �i.e., �n−�m

0 for Anm�0 and 	 for Anm�0 in Eq. �35��. The small
cale of the horizontal axis is due to the fact that we are
lotting r2, and to our definition of the order parameter
hich assigns a value of 1 to a nonfrustrated configuration.
he small value of the order parameter indicates a strong
rustration.

We note that in this example, in contrast with the ex-
mples discussed so far, there is variation in the values of the
rder parameter predicted by the FDA for different realiza-
ions of the network. This indicates that, as the expected
alue of the coupling strengths Anm becomes small �i.e.,
q−1/2� small�, fluctuations due to the realization of the net-
ork become noticeable. Although the values predicted by
he FDA and TAT depend on the realization of the network
nd frequencies, we note for k /kc�6 that these values track
he values observed for the numerical simulations of the cor-
esponding realization. As an illustration of this, we plot in
ig. 5 the values of r2 obtained from the TAT �stars� and the
alues of r2 obtained from the FDA �diamonds� versus the
alue obtained from numerical solution of Eq. �1� for k /kc

8. Each point corresponds to a given realization of the net-
ork, with results averaged over ten realizations of the fre-
uencies. The ellipses surrounding the stars �TAT data� have

ertical and horizontal half-width corresponding to the stan-
dard deviation of r2 �TAT� and r2 �simulation� for the ten
frequency realizations. The half-width of the horizontal bars
on the diamonds �FDA data� indicates the standard deviation
of r2 �simulation�
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ations in networks with a much larger number of connec-
ions per node, as the effect of fluctuations would likely be
educed.

We also considered a case in which the adjacency matrix
s asymmetric and has mixed positive-negative connections.
or N=1500 nodes, we constructed an adjacency matrix by
etting its nondiagonal entries to 1, −1, and 0 with probabil-
ty 8 /45, 4, 45, and 11/15, respectively. The latter probabil-
ty yields an expected number of connections of 400. Our
heories work satisfactorily in this case, and, since the results
re similar to those in Fig. 3, we do not show them. In this
ase there is no guarantee that there is a real eigenvalue �as
eeded for estimating the critical coupling strength in Eq.
15��, or that the largest real eigenvalue �if there is one� has
he largest real part. Numerically, we find that for matrices
onstructed as in this example there is a real positive eigen-
alue and that, furthermore, it is well separated from the
argest real part of the remaining eigenvalues �see Fig. 6�. We
lso find this for other values of q provided �q− 1

2 � is not too
mall. We provide a discussion of this issue and show the
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f the nonzero entries being chosen randomly �e.g., in the
ymmetric case, the position of the nonzero entries is chosen
hen constructing the network using the configuration
odel�, and their values being also determined randomly
rom a given probability distribution �e.g., 1 with probability
and −1 with probability 1−q�. Our interest is focused on

he gap between the largest real eigenvalue �if there is one�
nd the largest real part of the other eigenvalues. In Ref. 23
he spectrum of certain large sparse matrices with average
igenvalue 0 and row sum �m=1Anm=1 was described and a
euristic analytical approach was proposed. Using results for
atrices with zero mean Gaussian random entries,24 Ref. 23
redicts that the spectrum of the non-Gaussian random ma-
rices they consider consists of a trivial eigenvalue 
=1 with
he remaining eigenvalues distributed uniformly in a circle
entered at the origin of the complex plane with radius

� = �N� , �A1�

here �2 is the variance of the entries of the matrix. We find
hat this approach also succeeds in describing the spectrum
f the matrices in our examples. In our case, the diagonal
ntries are 0, so that the average eigenvalue is also 0 as in
ef. 23. We find that there is always a largest real eigenvalue
pproximately given by the mean field value


 = 	d̃2
/	d̃
 �A2�

see Refs. 12 and 25�, where d̃n=�m=1
N Anm and 	d̃2
=�n=1

N d̃n
2,

hich in the case considered in Ref. 23 reduces to 
=1. We
lso numerically confirm that the remaining eigenvalues are
niformly distributed in a circle of radius � as described in
ef. 23. This is illustrated in Fig. 6.

Thus for N�1 if 
�� there is a gap of size 
−� be-
ween the largest real eigenvalue and real part of the rest of
he eigenvalue spectrum. Using Eqs. �A1� and �A2� it can be
hown that, for networks with large enough number of con-
ections per node or with enough positive �or negative� bias
n the coupling strength, there is a wide separation between

he largest eigenvalue and the largest real part of the remain-
ing eigenvectors. For symmetric matrices, similar results ap-
ply �i.e., the bulk of the spectrum of the matrix A can be
approximately obtained as described above using Wigner’s
semicircle law�.
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