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II. BACKGROUND

A. Excitation-contraction coupling

Here we briefly summarize the dynamical processes by
which the membrane depolarization signal is relayed to the
contractile machinery of the cell, named excitation-
contraction coupling. For a thorough review of excitation-
contraction coupling, see, for example, Ref. 3.

When a myocyte is electrically excited by neighboring
cells, voltage sensitive ion channels open, triggering a tem-
porary ��200 ms� depolarization of the membrane from its
resting potential, about �80 to 20 mV. This action potential
is the result of the activation and subsequent inactivation of
various ionic currents which transport mostly calcium, potas-
sium, and sodium across the membrane. The depolarization
of the membrane triggers influx of calcium into the cell
through the LCCs. These channels are localized close to the
terminal compartments of an internal saclike structure �sar-
coplasmic reticulum �SR�� that stores calcium inside the cell.
These terminal compartments have a cluster of about 100
calcium sensitive channels �ryanodine receptors �RyRs��
which open when the nearby calcium concentration in-
creases. They, in turn, release even more calcium from the
SR, raising the calcium concentration inside the cell and ac-
tivating its contractile machinery. Subsequently, calcium is
both reuptaken into the SR and extruded from the cell in
preparation for the next stimulus.

A few LCC channels and �100 RyRs are clustered in
CRUs that are distributed in a three-dimensional �3D� grid
across the myocyte, so as to guarantee a uniform calcium
release across the volume of the cell





The model can be simulated using two different methods
which correspond to commonly used experimental
protocols.17 In the unclamped protocol, a small stimulus cur-
rent is periodically applied, initiating an action potential by
the activation of inward ionic currents. In the clamped pro-



beats c2n−c2n−1, measured on even beats. The time between
consecutive phase reversals can be as large as �900 beats
�e.g., horizontal bar in the clamped, T=325 ms panel of Fig.
5�. At a critical period T, the time between phase reversals
diverges and a well defined phase for alternans prevails.
These results are in contrast to those in previous models of
calcium alternans, where the peak calcium concentration un-
dergoes a period doubling bifurcation in a deterministic
way.20 A signature of calcium fluctuations that could be de-
tected experimentally is that due to calcium-voltage cou-
pling, the action potential duration exhibits fluctuations that
track those in the calcium concentration. In Fig. 6 we show
the action potential duration �thin lines� and peak calcium
concentration �thick lines� at even and odd beats for simula-
tions corresponding to the unclamped, T=345 ms panel in
Fig. 5, showing how fluctuations in the action potential du-
ration track the fluctuations in peak calcium concentration
during a phase reversal. If the alternans are voltage driven,
we expect that there would be almost no fluctuations in the
action potential duration alternations, since fluctuations in
membrane ion channels are averaged out by the long range
voltage coupling of these channels. Even though there is still
a feedback from the calcium dynamics which could intro-
duce fluctuations in action potential duration alternations, the
dominant component of the alternans is almost deterministic
and thus we expect fluctuations to be much smaller.

Of particular interest is the calcium dynamics that medi-
ates the phase reversals. In the spatial model, a phase rever-
sal occurs as domains with opposite phase to the whole-cell
alternans phase grow due to fluctuations and eventually be-
come dominant. Similar spatiotemporally complex subcellu-
lar discordant alternans have been observed experimentally,4

and we find that they are common during the spontaneous
phase reversals of calcium alternans.

Because CRUs are heterogeneous �in the model, as in
real myocytes, they have heterogeneous volumes�



CRUs with longitudinal coordinate smaller than 3/5 of the
longitudinal extension of the myocyte. This induces larger
release in those CRUs during one beat, creating two regions
with calcium alternans of opposite phase. We then track the
movement of the node separating these regions by calculat-
ing the transversal calcium average cT�j ,n�, defined as the
average of peak calcium cn

�m� in beat n over all the CRUs m
which share the same jth longitudinal coordinate �see Fig. 9�.
The position of the node along the longitudinal direction of
the cell at beat n is then defined as the coordinate x such that
cT�x ,n�=cT�n�, where cT�n� is the spatial average of cT�j ,n�
and x is found by interpolation of the function cT�j ,n� evalu-
ated at discrete values of j.

In order to explore different dynamical regimes, we vary
some of the parameters of the cellular model. In Appendix A
we introduce parameters �NCX and �Ca that control the
strength of the calcium current �ICa� and the sodium-calcium
exchanger current �INCX�. In addition, in Appendix A we also
introduce two parameters �NCX and �Ca representing the ra-
tio of effective membrane capacitance for the NCX and Ica

currents to that of the other membrane currents, which de-
pends on the area distribution of ion channels in the external
membrane and the T tubules29 �see Appendix A�. These pa-
rameters modify the effect of ICa and I





instability causes period doubling oscillations of the calcium
concentration to develop out of phase in two halves of a cell.
In Ref. 8, the existence of this instability was demonstrated
using a physiologically detailed 1D model of bidirectionally
coupled voltage and calcium dynamics, where CRUs with
deterministic dynamics are spatially distributed along the
length of the myocyte.

Our present simulations confirm the existence of a Tur-
ing instability for fast pacing rate and parameters where SCA
are EMD, as predicted in Ref. 8. Stochasticity provides a
natural mechanism to trigger the instability but does not alter
fundamentally the development of the instability in a
strongly nonlinear regime when alternans have a large
enough amplitude. One new finding, however, is that EMD
alternans can also occur for parameters where the Turing
instability is absent. In contrast, in Ref. 8, it was concluded
that the condition for the occurrence of a Turing instability
was the same as the one for the occurrence of EMD altern-
ans, in apparent disagreement with our finding. Here we re-
visit the iterative map based stability analysis of alternans of
Ref. 8 to resolve this disagreement. To help us interpret our
simulation results, we also derive predictions for the motion
of the node separating out-of-phase regions and characterize
the nonlinear character of the alternans bifurcation in the
case of negative voltage-calcium coupling. We conclude at
the end of this section that this disagreement is a conse-
quence of a simplifying assumption made in Ref. 8. Relaxing
this assumption leads to the prediction that the condition for
the occurrence of EMD alternans is distinct from the one for
the occurrence of a Turing instability, and hence EMD alter-
nans can exist as a global attractor of the dynamics.

A. Stability of period one state against spatially
concordant and discordant perturbations

The starting point of our analysis is the general map of
the beat-to-beat dynamics describing the spatially concordant
state where calcium alternans have the same amplitude and
phase across the myocyte,

An = f1�An−1,cn−1� , �1�

cn = f2�An−1,cn−1� , �2�

where An and cn are the action potential duration and the
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alternans is unstable to both SDA and SCA perturbations,
and the question arises as to what nonlinear state is dynami-
cally selected. As shown in Appendix C, the nonlinearly
saturated SCA state is unstable for �J12J21 / �J11−J22��
� �1+J22�� �3 /2��J12J21 / �J11−J22�� and stable for

�1 + J22� � �3/2��J12J21/�J11 − J22�� . �13�

The nonlinearly saturated SDA state, in turn, is stable for
�1+J22��0. Thus if condition �13� is satisfied, and J12J21

�0, both SDA and SCA are stable nonlinear states. Since the
voltage-calcium coupling �J12J21 / �J11−J22���1 in our simu-
lations, these two states are always bistable except in a neg-
ligible parameter range very close to the alternans bifurca-
tion. This bistability leads to a nonuniqueness of the
dynamically selected state for negative coupling that has
been noted in previous studies of coupled cells and
tissue.33–35

The analysis of the weak negative coupling limit makes



stochastic effects account for the drifting node motion in the
unclamped case. The clamped simulations have a perfectly
periodic voltage, which implies J12�0. Thus, Eq. �12� pre-
dicts no node motion in the clamped case, in agreement with
the observations in Ref. 6. However, fluctuations result in
drifting motion of the node as observed in Fig. 10. This
drifting motion might eventually lead to SCA if the node is
expelled due to its drifting motion.

Fifth, we have found that SCA can develop with voltage
alternans in or out of phase with calcium alternans. As we
have seen, this is consistent with the prediction that spatial
synchronization requires J12J21�0, while the relative phase
of voltage and calcium alternans is governed by the sign of
J12 in Eq. �11�. This prediction is simplest to understand by
noting that the peak calcium transient amplitude is deter-
mined predominantly by the peak amplitude at the previous
beat, and more weakly by the voltage history. Thus J12 can
be approximated using the chain rule as J12���An /�cn�
���cn /�cn−1�. Since �cn /�cn−1=J22�0, J12 is negative only
if �An /�cn�0, or when a larger peak calcium transient am-
plitude produces a shorter action potential duration. This is
expected to occur when the balance between LCC and NCX
is shifted toward LCC, consistent with the observation that
voltage and calcium alternans are out of phase in our simu-
lations when NCX is reduced by 80% of its normal value
�cases B and D�.

Let us contrast our present results with those of Ref. 8.
In Ref. 8, it was concluded that SDA can only develop under





and within the compartments of the SR. Ici, Ics, and IcNSR are
diffusive currents coupling the cytosolic, submembrane, and
network SR compartments of adjacent CRUs �three lower
arrows in Fig. 3�
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