
Singular

operatorsin

multiwavelet

basesG.Fann

G.Beylkin

R.J.Harrison

K.E.JordanWereviewsomerecentresultsonmultiwaveletmethodsforsolvingintegralandpartialdifferentialequationsandpresent

anefÞcientrepresentationofoperatorsusingdiscontinuous

multiwaveletbases,includingthecaseforsingularintegral

operators.Numericalcalculususingtheserepresentations

producesfast

O

(N

)methodsformultiscalesolutionofintegral

equationswhencombinedwithlowseparationrankmethods.

Usingthisformulation,wecomputetheHilberttransform

andsolvethePoissonandSchro ¬dingerequations.Fora

ÞxedorderofmultiwaveletsandforarbitrarybutÞnite-

precisioncomputations,thecomputationalcomplexityisO

(N

).Thecomputationalstructuresaresimilartofastmultipole

methodsbutaremoregenericinyieldingfastO

(N

)algorithmdevelopment.Introduction

Usingthemultiwaveletrepresentationsoffunctionsandoperators,wepresentamultiscalesolutionmethodforintegralanddifferentialequationsand

integraltransforms.TheHilberttransform,thePoisson

equation,andtheSchro¨dingerequationprovide

importantexampleswithawiderangeofapplications

incomputationalchemistry,physics,andelectromagnetic

and�uiddynamics.Wealsodescribearepresentationwithalowseparationrank(LSR),whichisexactupto

arbitrarybut�niteprecision.Theoretically,ithasbeenclearforsometime[1]thatamultiresolutionrepresentationofhomogeneousoperators

shouldleadtousefulnumericalalgorithms.However,the

straightforwardtransitionfromalgorithmsinonespatial

dimensiontothoseintwo,three,andbeyondyields

algorithmsthataretoocostlyforhigh-accuracypractical

applications.Recently[2]itwasobservedthatmany

physicallyinterestingoperatorshavealowseparation

rank.Usingthelowseparationrankrepresentationof

theseoperatorswithmultiwavelets,wehavedeveloped

practicalmultiresolutionalgorithmsinhigherdimensions

forimportantclassesofproblems[3].Inthispaperwesummarizeanapproachusingmultiwaveletbaseswhichincorporatesadaptive

re�nement,andfastO

(N )operationsforaguaranteed

solutionofarbitrarybut�niteprecision.Theadvantagesofeachoftheseconceptshavebeenelucidatedinthe

literature.Wehaveintegratedthemtosolvesomereal-

worldproblems.

Inthemultiwaveletrepresentationoffunctions,theintegralequationf

(x )

��

K

(x ,y )g

(y )dyisconvertedtoa

sparsematrix-vectormultiplication,f

�

Ag,wheref

andgarevectorsofcoef�cientsrepresentingthefunctionf

(x )

andg

(x ),andAisthematrixofcoef�cientsfortherepresentationofthekernel

K

(x ,y ).

Inestimatingthecomplexityofthealgorithmsdiscussedinthispaper,weselecta�xedbutarbitraryaccuracyandthenestimatethenumberofoperationsorsigni�cant

c o e f � c i e n t s t o a c h i e v e t h a t a c c u r a c y ( i n t h e o p e r a t o r n o r m ) .

W e n o t e t h a t t h i s c o u n t i s s o m e w h a t d i f f e r e n t f r o m

t h a t o b t a i n e d b y e s t i m a t i n g t h e n u m b e r o f a r i t h m e t i c

o p e r a t i o n s n e c e s s a r y t o o b t a i n a s o l u t i o n w i t h a g i v e n

a c c u r a c y , w h e r e t h e d i s c r e t i z a t i o n o f t h e o p e r a t o r d e p e n d s

o n a c c u r a c y a s w e l l .

M u l t i r e s o l u t i o n a n a l y s i s a n d l o w - s e p a r a t i o n - r a n k r e p r e s e n t a t i o n

I t h a s b e e n s h o w n i n [ 1 ] t h a t s i n g u l a r o p e r a t o r s h a v e t h e i r m o s t n a t u r a l r e p r e s e n t a t i o n i n m u l t i r e s o l u t i o n

b a s e s . U s i n g b a s e s o f c o m p a c t l y s u p p o r t e d D a u b e c h i e s

w a v e l e t s [ 4 ] ( a n d t h e i r v a r i a t i o n s ) , a n d t w o - s c a l e

�
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