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reasonable in the above-cited biological examples, the cou-
pling of the oscillators’ phases occurs on a faster time scale
than the frequency adaptation dynamics.



This can be justified by noting that the difference between
the original equation, Eq. �4�, and the equation where the
deterministic part was averaged, Eq. �7�, is what would be
obtained in the noiseless case. Since in the noiseless case this
difference can be argued to be small by averaging, we con-
clude our procedure is justified.

Integrating Eq. �7� and recalling that for entrained oscil-
lators kr sin��n−
�=�n, Eq.�







such that �L�t�	=0 and �L�t�L�t��	=2�	�t− t��. Since the
noise represents finite-size fluctuations, the diffusion coeffi-
cient � will be assumed to be inversely proportional to N, or
��1 /N. Note that this is consistent with �r being O�N−1/2�
for the dynamics of r modeled as a linear Ornstein-
Uhlenbeck process for the incoherent state with k�k1.

In the bistable regime, k1�k�k2, we assume U�r ,k� to
be of the form shown in Fig. 4. Potentials of this type have
received much attention in the literature for studying Brown-
ian motion in bistable potentials and for describing chemical
reactions. We will draw on this research and use Kramer’s
escape time equation �21�, which describes the mean first-
passage time �esc for a particle subject to random noise with
diffusion coefficient � to escape over a potential barrier of
height h, and is given by log��esc��h /�. Recalling that �
�1 /N, we conclude that the mean first-passage time �i.e.,
wait time before synchronization� for our bistable Kuramoto
system depends exponentially on N, yielding �sync�eKN for
some constant K.

A similar analysis can also be done on the regime where
the incoherent state is unstable, where we are interested in
the average time required for an incoherent system �r�0� to
synchronize. To first order, the dynamics for small r is de-
scribed by ṙ=�r+L�t�



system is large �large N�, the order parameter r will undergo
small fluctuations and state transitions would be rare. At
the same time, if the barrier height is much larger for a
particular state, then the system will remain in that state for
the majority of time and transitioning out of that state would
also be rare. For the model parameters chosen in our simu-
lation, we found that spontaneous bidirectional transitions
could only be observed for small numbers of oscillators
�N=10 in Fig. 7� and for coupling strengths in the bi-
stable regime just above k1 �below which the coherent solu-
tion disappears�. In general, for k1�k�k2, we find that
synchronized→ incoherent transitions are very rare, implying
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