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The principal eigenvalue λ of a network’s adjacency matrix often determines dynamics on the network (e.g., in
synchronization and spreading processes) and some of its structural properties (e.g., robustness against failure or
attack) and is therefore a good indicator for how “strongly” a network is connected. We study how λ is modified
by the addition of a module, or community, which has broad applications, ranging from those involving a single
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FIG. 1. (Color online) A module (described by matrix S) is
connected to the original network (described by matrix A) using
directed connections (described by the matrices X and Y ).
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successively maximizing the third-, fourth-, . . . , kth-order
terms until all degrees of freedom have been exhausted. While
this strategy of successive maximization does not guarantee
the optimal connections (which would require considering all
possible links between S and A), it is computationally efficient
and ensures a near-optimal solution.

IV. DISCUSSION

While we have presented an efficient strategy for maximiz-
ing δλ for the addition of a module under two examples of
constraints, our methodology is general and is thus applica-
ble for many constraints not discussed here. For example,
the problem of minimizing δλ under the constraints of
example II may be solved by minimizing successive terms
of Eq. (5). Heuristically, this corresponds to connecting nodes
in A with small values of vn to the module, and then from the
module to nodes in A with small values of un. The module
should also be oriented so as few links as possible point from
SI to SO. We now discuss several applications of using module
addition(s) to direct dynamics on networks.

Increasing λ has many real-world applications. For ex-
ample, because λ relates to the ability of network-coupled
oscillatory systems to synchronize [1,2], one or several
module additions to increase λ may be useful to promote
synchronization in, for example, a biological process or power
grid. Moreover, epidemic thresholds of spreading processes
on networks are often dependent on λ−1 [3]. Increasing λ

can increase the connectivity of a network, improving flow
and reducing the epidemic threshold. This may be useful,
for example, if one wants to improve communication over
a social network or routing system. The related problem
of percolation on networks (where nodes and/or links are
randomly removed) is also related to λ−1 [4]. Increasing λ can
increase a network’s robustness against network degradation
under failure, blackout, jamming, or attack.

For other dynamical systems, it is beneficial to have a
small value for λ. For example, the instability of equilibria for
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