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whereAn+ 1 andDn are the APD and diastolic interval (DI)
at beatsn + 1 and n, respectively. At the tissue scale, the
diffusive coupling between cells inßuences the dynamics
through the conduction velocity (CV) restitution relation,
which describes how the depolarization wave speed depends
on DI, deÞned here by the functionvcv(D). CV restitution
causes the activation intervalTn
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and (13) into Eqs. (5) and (6). This yields the following reduced
system:

cn+ 1(x) = Š rcn(x) + c3
n(x) Š 
a n(x)

+


�

∫ x

0
e(x�Šx)/� an(x�)dx�, (19)

an+ 1(x) =







SKARDAL, KARMA, AND RESTREPO PHYSICAL REVIEW E89, 052707 (2014)

5 10 15 20 25 30
0.7

0.72
0.74



SPATIOTEMPORAL DYNAMICS OF CALCIUM-DRIVEN . . . PHYSICAL REVIEW E89, 052707 (2014)

Eqs. (19) and (20) and voltage-driven alternans governed by
Eq. (4) [22,23] near onset. We Þnd remarkable similarities
between the dynamics, suggesting that the dynamics near
onset are universal. In particular, both calcium- and voltage-
driven alternans admit two classes of solutions after onset
that depends on the asymmetry parameterw: traveling and
stationary wave patterns. For both traveling and stationary
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solutions satisfy

�c �(x) =
Š
�a �(x) Š (r Š 1)c(x) + c3(x)

r Š 1 Š 3c2(x)
. (33)

Thus, we see that when 3c2(x) = r Š 1 the denominator on
the right-hand side of Eq. (33) vanishes, causing the derivative
c�(x) to diverge and the proÞlec(x) to develop a jump
discontinuity. Thus, upon formation of discontinuities, the left
jumping point is given bycŠ = ±

�
(r Š 1)/ 3. To Þnd the

right jumping point we note that stationary solutions satisfy
the cubic equation

(r Š 1)c(x) Š c3(x) = A(x), (34)

whereA(x) = Š 
a (x) + 

�

∫ x
0 e(x�Šx)/� a(x�)dx�. Sincea(x)

is smoothed by the GreenÕs function at each iteration, the
quantity A(x) remains smooth through the discontinuity in
c(x). The right jumping pointc+ is given by the other
root of Eq. (34) at x = x0, whereA(x0) = (r Š 1)cŠ + c3

Š =
± 2(r Š 1)3/ 2/ 3

�
3, yieldingc+ = � 2

�
(r Š 1)/ 3. Finally, the

total jump amplitude is given by|c+ Š cŠ | =
�

3(r Š 1). In
Fig.7we plot this theoretical prediction of|c+ Š cŠ | in dashed
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FIG. 9. (Color online) (a) Jumping points values|cŠ | and |c+ |
and (b) asymmetry of nodes� as� is increased from a steady-state
proÞle with normal jumps withr = 1.2 and� = 10, plotted in solid
blue and dashed red. Other parameters are
,� =

�
0.3,� = 0,� = 1,

andw = 0 with L = 30 and�x = 0.005.

a spatial discretization of�x = 0.005, and other parameters
are
,� =

�
0.3,� = 0,� = 1, andw = 0. We Þnd thatcŠ and

c+ approach one another in absolute value as� is increased.
In fact, it can be shown by studying the large� limit of
Eqs. (19) and (20) with w = 0 that |cŠ | and |c+ | approach
the value

�
r Š 1 as�  � , which is denoted in dot-dashed

black. This result also follows from the analysis presented in
AppendixC. We see explicitly in Fig.9(b)that as� increases,
� approaches zero. Furthermore, if we restore� to its original
value after increasing it, the proÞle recovers its original shape
and previous jumping point values. Finally, we note that if
the symmetry of the GreenÕs function is broken withw > 0,
it can be shown that as� is increased, the magnitude of the
left jumping pointcŠ eventually surpasses the magnitude of
the right jumping pointc+ , yielding a negative value for the
asymmetry� .

Next, we consider the effect that decreasingr or � has on
discontinuous solutions. Interestingly, the effect is somewhat
the opposite of what was described above: the jumping points
cŠ and c+ remain unchanged and the node locations move
towards the pacing site atx = 0. Furthermore, ifr or � are
restored to their original (larger) value, we Þnd that the proÞle
doesnot recover its original shape. Instead, the node remains
pinned to the location closer to the pacing site and the shape
of the node symmetrizes as described above. We refer to this
phenomenon asunidirectional pinning.

In Fig. 10 we illustrate the phenomenon of unidirectional
pinning by plotting the location of the Þrst nodex1 as we slowly
Òzig-zagÓ� after obtaining a steady-state discontinuous
solution at
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