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on Vm at both ends, Gðx; x0Þ ¼ Gðx� x0Þ þGðxþ x0Þ þ
Gð2L� x� x0Þ, with GðxÞ ¼ H�ðxÞ½1 þ wx

�2 ð1 � x2

�2Þ�,
where H� is Gaussian with standard deviation � (see

Appendix B of Ref. [7]), � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2DVAPD�p

and w ¼
2DV=cv

� are two intrinsic length scales expressed in terms
of the APD and CVat the alternans bifurcation (APD* and
cv�, respectively), and DV is the diffusion constant of Vm

in the standard cable equation _Vm ¼ DV@
2
xVm � Iion.

Furthermore, CV restitution causes the activation interval
TnðxÞ � AnðxÞ þDnðxÞ to vary from beat to beat along the
cable as [7,14]

TnðxÞ ¼ �þ
Z x

0

dx0

cv½Dnðx0Þ� �
Z x

0

dx0

cv½Dn�1ðx0Þ� ; (3)

where � is the imposed period at the paced end (x ¼ 0). To
complete the model, we need to specify the forms of fa and
fc. Since we are interested in understanding the generic
behavior of alternans, we choose simple phenomenological
forms of those maps defined implicitly by

fc=C
�
/F4 1 Tf
7.3225 0 T.14stitution0;D



The onset of alternans at r1ð�Þ is mediated by an
absolute instability analogous to that studied in Ref. [7]
for the voltage-driven case. For � ¼ 0 a linear stability

analysis yields thresholds of r1ð�Þ ¼ 1 � �þ 3��2=3=

ð4�2=3Þ and 1 � �þ �2ðw�Þ�1 for the instability of
the traveling and stationary modes, respectively, where
� ¼ ��. Furthermore, the wavelength at onset is

4��2=3�1=3=
ffiffiffi
3

p
and 2�ðw�Þ1=2 in the traveling and sta-

tionary cases, respectively, which agrees with the voltage-
driven case in Ref. [7]. Similar expressions can be obtained
for � � 0. Numerical simulations (not shown) are in good
agreement with these theoretical results.

We now concentrate on the discontinuous regime that is
the primary focus of this Letter. To characterize calcium
alternans profiles in this regime [cf. Fig. 1(c)], we examine
first stationary steady-state period-two profiles and substi-
tute cðxÞ ¼ cnðxÞ ¼ �cnþ1ðxÞ into Eq. (8). After differ-
entiating Eq. (8) with respect to x and some manipulations,
we obtain

�c0ðxÞ ¼ c3ðxÞ � ðr� 1ÞcðxÞ � ��a0ðxÞ
ðr� 1Þ � 3c2ðxÞ : (10)

Thus, when alternans grow from c� 0 with r > r2ð�Þ, if

cðxÞ ¼ c� ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr� 1Þ=3
p

, the derivative diverges and
cðxÞ becomes discontinuous. Through the discontinuity,
the quantity �dðxÞ in Eq. (8) remains smooth, so finding
the other root of the cubic ðr� 1Þc ¼ c3 þ �d gives
the value of cðxÞ at the latter end of the discontinuity.

This gives cðxÞ ¼ cþ ¼ 	2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr� 1Þ=3

p



blue line) and jcþj (dashed red line) by using r ¼ 1:2 as we
increase � from 10. As � is increased, jc�j and jcþj tend
toward one another. We superimpose theoretical values of
jc�j



Unidirectional pinning generally makes it harder to
eliminate SDA by node motion once they are formed. We
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