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tures among an astronomically large number of possibilities
via, e.g., exhaustive evaluation11 or genetic algorithms.12,13

Such searches for fixed-lattice type systems have validated
known Daltonian stoichiometries and have predicted unex-
pected stoichiometries, the latter being illustrated by “con-
tinuously adaptive structures” of Au-rich Cu-Au14 or
Fe-Co.15

Sometimes, however, the A and B constituent solids of
binary alloys have different underlying lattice types �e.g., fcc
Pd, bcc V or hcp Cd, fcc Pt�, often leading to intermediate
ApBq compounds with difficult-to-guess lattice types �e.g.,
the non-Bravais-based A15 structure of PdV3 and the bcc-



composition�, we iteratively refine this approximate convex
hull, C�n��x�, by using the objective function introduced by
d’Avezac and Zunger in Ref. 13,

��n���� = �H��� − C�n��x�� , �3�

i.e., the distance of the formation energy �H��� of � from
the convex hull C�n��x� at the nth generation. Figure 1 depicts
the construction of the approximate convex hull and the cal-
culation of the objective function. The evolving approximate
ground-state structures are on the convex hull at each gen-
eration and have ��n����=0. The structures with the largest
values of ��n���� are those farthest away from the convex
hull and are replaced at each generation of the evolutionary
sequence, thereby driving the evolutionary search toward the
lowest-energy structures at each composition–which furthers
the refinement of the convex hull.

The evolutionary search proceeds as follows: a population
of Npop candidate structures with Nat atoms per cell is cre-
ated. The initial population is determined by randomly se-
lecting lattice vectors, atomic positions, and composition
ApBNat−p

. The population is evolved through a sequence of
generations where at each generation, the current convex hull
C�n��x� is constructed and the Nrep structures farthest away
from it are replaced by new ones generated by mating or
mutation. Before any crossover or mutation, the parent crys-
tal structures are subjected to a similarity transformation17

which maps the atomic positions onto fractional coordinates.
The crossover of two structures picked from the current
population is done via real-space cut and splice17 where, cor-



ground-state structures of Al-Sc are representable in Nat=6
periodic cells, i.e., AlSc2-B82, AlSc-B2, and Al2Sc-C15. Fig-
ure 2�a� summarizes the history of one of the evolutionary
runs for Nat=6. At the initial generation, the convex hull
shows three breaking points: AlSc2-B82, AlSc-B2, and a te-
tragonal I4 /mmm Al4Sc2 structure. As the search unfolds,
the Al4Sc2 structure changes first into a hexagonal P6 /mmm
structure and, at the 23rd generation �i.e., after 108 local
structural relaxations�, into C15, with an energy difference of
15 meV/at between these two structures. The Nat=6 final
convex hull has a vertex also at Al5Sc. All the independent
restarts with Nat=6 found the AlSc2-B82 and AlSc-B2
ground states, and stable structures at Al5Sc and Al4Sc2. The
fcc-based Al5Sc Cmmm structure was always found to be
stable in the six-atom periodic cells, while Al4Sc2-C15 was
obtained in two restarts and in the remaining three restarts
the hexagonal P6 /mmm was found instead.

Three independent sequences were produced for Nat=8,
with Npop=40 and Nrep=8. Figure 2�b� shows the iteration
history of one of these sequences. In the first four genera-
tions, the algorithm found Al4Sc4-B2, Al6Sc2-L12, and
breaking points also at Al2Sc6 and Al3Sc5 compositions. At
the fifth iteration �i.e., after 80 relaxed total-energy evalua-
tions�, Al2Sc6-D019 was obtained and the Al3Sc5 was re-
moved from the convex hull. Hence, this evolutionary se-
quence found all the ground-state structures that are
realizable in AlpSc8−p periodic cells. All the Nat=8 runs
found Al4Sc4-B2 and Al6Sc2-L12. Furthermore, one of the
three restarts found Al2Sc6-D019 while the other two re-
trieved Al2Sc6-L12. To determine the final convex hull of
Al-Sc, we apply the condition of stability against dispropor-
tionation of Eq. �2� to determine the stable structures out of

all the ground-state structures corresponding to all values
considered for Nat. This final step is illustrated by Fig. 3,
where the convex-hull lines of the AlpSc6−p and AlpSc8−p
periodic cells are combined to give the final convex hull of
Al-Sc, whose ground states are AlSc2-B82, AlSc-B2,
Al2Sc-C15, Al2Sc6-D019, and Al2Sc6-L10 �see Fig. 3�, i.e.,
all those previously known.

The success of the present stoichiometry unconstrained
evolutionary algorithm in determining all the ground states
of the nontrivial Al-Sc system shows that this method has a


