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Abstract Recent research has shown that cell spreading is highly dependent on the
contractility of its cytoskeleton and the mechanical properties of the environment it
is located in. The dynamics of such process is critical for the development of tissue
engineering strategy but is also a key player in wound contraction, tissue maintenance
and angiogenesis. To better understand the underlying physics of such phenomena, the
paper describes a mathematical formulation of cell spreading and contraction that cou-
ples the processes of stress fiber formation, protrusion growth through actin polymer-
ization at the cell edge and dynamics of cross-membrane protein (integrins) enabling
cell-substrate attachment. The evolving cell’s cytoskeleton is modeled as a mixture of
fluid, proteins and filaments that can exchange mass and generate contraction. In par-
ticular, besides self-assembling into stress fibers, actin monomers able to polymerize
into an actin meshwork at the cell’s boundary in order to push the membrane forward
and generate protrusion. These processes are possible via the development of cell-
substrate attachment complexes that arise from the mechano-sensitive equilibrium of
membrane proteins, known as integrins. After deriving the governing equation driving
the dynamics of cell evolution and spreading, we introduce a numerical solution based
on the extended finite element method, combined with a level set formulation. Numer-
ical simulations show that the proposed model is able to capture the dependency of
cell spreading and contraction on substrate stiffness and chemistry. The very good
agreement between model predictions and experimental observations suggests that
mechanics plays a strong role into the coupled mechanisms of contraction, adhesion
and spreading of adherent cells.
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mechanisms of stress fiber orientation with mechanical forces have been assessed by
variety of models, some based on purely thermodynamical arguments (Foucard and
Vernerey 2012; Stamenovic et al. 2009) and some based on biochemically arguments
including signalling pathways (Civelekoglu-Scholey et al. 2005). At the cellular level,
the development of global stress fibers organization, contraction and adhesion have
recently been the object of a formulation (Deshpande et al. 2008
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Fig. 1 General configuration of an circular cell located on an elastic substrate with a representation of the
three forms of actin considered in this study: globular, filamentous and bundled (stress fibers)

the actin cytoskeleton as a mixture of four major constituents representing the cytosol
and actin in three different forms: globular, filamentous, and bundled (Fig. 1). In
its globular form, actin easily diffuses throughout the cytoskeleton and thus, may be
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where I = [1 1]T , p is the cytosol pressure, Tc the partial stress in the passive
cytoskeleton and TSF the partial stress induced by stress fiber. We note here that
the term “passive cytoskeleton” was used on a broad sense as it represents a number
of possible components contributing to the cell elasticity. This includes for instance,
microtubules, intermediate filaments and the membrane located on top and the bottom
of a planar cell. Assuming small deformation (strains are typically less than 10 % in
the problem of interest), a linear elastic relation can be used to describe the passive
cytoskeleton response:

T c
i = Ec

1 − νc2 (ai ε
c
r + a j ε

c
θ ) + νc

1 − νc
p i = r, θ and j = θ, r (13)

where ar = 1 and aθ = νc. The material parameters Ec and νc represent the Young’s
modulus and Poisson’s ratio, respectively while the radial and circumferential linear
strains εr and εθ are related to the radial displacement u by εr = ∂u/∂r and εθ = u/r .
As discussed in more detail in Vernerey and Farsad (2011), the partial stress TSF of
stress fibers is proportional to the volume fractions φSF

i and arises from two different
sources: active contraction and passive elastic response. We therefore write:

T SF
i = φSF

i (E1εi + T ∗) i = r, θ (14)

where the coefficient E1 denotes the stiffness of stress fibers while the contractile
stress T ∗ is the result of acto-myosin cross-bridge dynamics at the sarcomeric level
(Vernerey and Farsad 2011). Although sarcomere force is known to depend on the
rate of contraction as predicted by the Hill model (Hill 1938), we choose to neglect
this aspect for the present study and consider that the contractile stress is constant and
equal to that found in a state of isometric contraction. This assumption is motivated
by the fact that cell spreading is a slow process compared to the characteristic time-
scale of cross-bridge dynamics and is therefore insensitive to the rate of elongation
of sarcomeres. Finally, force equilibrium in the mixture follows from the balance of
linear momentum. Under axisymmetric and plane-stress conditions, this yields:

∂Tr

∂r
+ 1

r
(Tr − Tθ ) − t i

h
= 0 (15)

In above equation, h denote the thickness of the cell and t i represents the distributed
traction force on the membrane arising from the interaction with the underlying sub-
strate via focal adhesion. While this force is applied at the bottom of a cell through
its membrane, it is equivalent to consider it as a tangential body force applied to the
cytoskeleton by invoking plane stress assumptions. To finally characterize the behav-
ior of the underlying substrate, it is first useful to note that its thickness is usually
much larger than that of cells. In this situation, stress variations are expected in a
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Fig. 3 Integrin–ligand complexes: a ligands, low affinity integrins, and bound/unbound high-affinity inte-
grins, b integrin states, c relative displacement between two sides of integrin–ligand complex

μH = μL (17)

at equilibrium. At low concentration, unbound low affinity integrins can typically
be viewed as a dilute solution in the fluid phospho-lipid membrane such that their
chemical potential increases with their area density cL as follows:

μL = μL
0 + kB T ln

(
cL

cI
0

)

(18)

where μL
0 and cI

0 are the free energy and concentration of low-affinity integrin in
standard condition, respectively. The chemical stability of high affinity integrins is
known to depend on the amount of tensile forces they are subjected to (Shemesh et al.
2005; Petrol et al. 2003; Tan et al. 2003). In other words, when integrins physically
attach to substrate ligands, cell contraction (from stress fiber) triggers a stretching force
on the integrins which tends to increase their stability. To capture this phenomenon, it
is first important to consider the existence of high infinity integrins in two conditions:
those which are bound (with concentration cB H ) and those which are unbound (with
concentration cU H ) to substrate ligands. Following Lauffenburger and Linderman
(1993), the concentration of bound integrins can be expressed as a function of the
underlying ligand concentration clg as follows:

cB H = clg

1 + clg
cH . (19)

This expression clearly shows how increasing the ligand concentration tends to pro-
mote the attachment of integrins to the substrate. The stabilization of integrins with
stretch has then led to the following form of their chemical potential (Deshpande et
al. 2008):

μU H

L 1+kTln+
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To characterize the membrane elasticity, it is useful to introduce the elastic potential
ψ(Eσ ) such that the membrane stress reads:

T σ = ∂ψ

∂ Eσ
F and ψ(Eσ ) = T σ

0 Eσ + 1

2
kσ (Eσ )2 (29)

Here F = a/a0 is the deformation gradient, T σ
0 is the pre-existing surface tension and

kσ is the stiffness of the cell membrane. The mechanical equilibrium of the membrane
with cytoskeleton stresses is then given by the standard equation (Vernerey 2011;
Vernerey and Farsad 2011):

T · n = ∇σ · Tσ �⇒ T �
r = −T σ

ac
(30)

where T is the stress tensor in the cytoskeleton, n is the outward normal to the cell,
∇σ is the surface gradient operator and Tσ = T σ eθ is the surface tension vector. It
can be shown that due to our axisymmetric assumptions, this equation reduced to the
simpler form shown in the right end side of (30) in which T �

r denotes the radial stress
on the boundary �.

2.3 Membrane protrusion and cell growth

Let us now concentrate on the the phenomenon of membrane protrusion from a physical
viewpoint. This aspect of cell mechanics is known to involve strong interplays between
actin polymerization at the cell’s edge and membrane resistance (Cuvelier et al. 2007;
DiMilla et al. 1991; Oster and Perelson 1985; Pollard and Borisy 2003; Vallotton et
al. 2005; Wakatsuki et al. 2003; Xiong et al. 2010). Similar to the previous section,
such chemo-mechanical couplings can be mathematically addressed by considering
the chemical equilibrium of the cytoskeleton at the cell edge and how it is affected
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The total change of free energy during an entire polymerization cycle can then be
estimated by adding contributions from steps 1 and 2. This yields:

�μc
tot = δ( f g − 2 f p). (34)

2.3.2 Rate of cell protrusion

We are now in a position to write the chemical potential of actin monomers in their
aggregated form accounting for the effect of membrane and integrin forces as follows
(Hill 1981):

μc
� = μc

0 + �μc
tot = μc

0 + δ( f g − 2 f p) (35)

Note that the change in free energy from the presence of physical forces was added to
the original chemical potential μc

0 since �μc
tot is interpreted as an energy consumed by

the actin cytoskeleton during a polymerization step. When the system is at equilibrium,
the chemical potentials of G-actin and actin filaments (aggregated actin) are equal
(μc

� = μm) and we obtain:

μc
0 + δ( f g − 2 f p) = μm

0 + kB T ln(r) with r = kof f

kon
(36)

Here, we used the fact that the volume fraction of actin monomer at equilibrium is
equal to kof f /kon by setting V = 0 in (31
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While the coefficient α is generally a function of the magnitude of participating forces
(see discussion in Hill 1981), we consider it here as a constant (α = 1/2) for simplicity.
In other words, we assume that physical forces affect the “on” and “off” rates equally.
Using (39) and (31), it is then possible to obtain the velocity V of cell spreading (or
the rate of actin filament growth below the membrane) as:

V = k0
on(φm

f − r)δ exp

(

−αδ( f g − 2 f p)

kB T

)

(41)

where r is the force dependent concentration of G-actin at equilibrium defined in (38).
The above equation captures many features of cell spreading. In particular, one sees
that in (41) that the membrane resisting force f g tend to decrease the rate of growth
while the pulling force f p increases it. Since the integrin pulling force is directly
related to cell contraction, (41) captures the coupling between cell contraction and
spreading: the more contraction, the faster the spreading. Furthermore, the equation
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Fig. 5 Relationship between the membrane protrusion forces f p and f g and integrin force t i and mem-
brane tension tσ

pulling force f p may be thought of as the resulting force of distributed integrin traction
t i on a portion of the cell edge whose length is the averaged distance � between two
advancing actin filaments. This length can then be calculated from the actin volume
fraction φc at the cell edge by � = 4δ/

√
φc (Fig. 5). This leads to the estimation of

the pulling force as:

f p = 1

2
t i
��hc = 2δhc

√
φc

t i
� (44)

where t i
� is the integrin force at the cell perimeter � and the product �hc is the effective

area on which the integrin traction helps the polymerization of a single filament. Note
that (43) and (44) provide a clear relationship between the mechanics of integrins, the
membrane stress and the rate of cell growth in (41).
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the cell membrane is given in terms of the integrin fractions φL and φH and finally,
the deformation of the substrate is entirely known via the knowledge of its radial
displacement us . The above eight variables may be determined through the following
eight equations derived in the previous section:

Chemical equilibrium

Stress fibers μm = μSF
i in � (45)

Actin filaments μm = μc
� on � (46)

Cell membrane μH = μL in � (47)

Mass conservation
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Mechanical equilibrium

Cell ∂T c
r

∂r + 1
r (T c

r −Tθ )+ ∂T SF
r
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r (T SF
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θ )− ∂p
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(51)

Substrate ∂T s
r

∂r + (T s
r −T s

θ )

r + t i = 0 (52)

These equations are complemented by the five boundary conditions (corresponding
to the above five differential equations) and initial conditions, specifying the state of
the cell at the beginning of the simulations. These conditions are such that the cell and
substrate are initially undeformed and unpressurized:

uc(r, 0) = 0 us(r, 0) = 0 p(r, 0) = 0 (53)

In addition, it is assumed that the composition of the cell consists of 25 % volume
fraction of elements comprising the passive cytoskeleton, 5 % volume fraction of
actin monomers and no initial stress fibers (references for these numbers are given in
Table 1).

φc(r, 0) = 0.25 φm(r, 0) = 0.05 φSF
i (r, 0) = 0 (54)

and all integrins are originally in their low affinity state (see Table 1 for references):

cL(r, 0) = 5e15 cH (r, 0) = 0 (55)

Concerning the boundary conditions, we assume that there are no fluxes of cytosol
and actin monomers across the cell membrane and no low affinity integrins are allowed
to enter the system. Invoking Eqs. (11) and (26), we can thus write:

123
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Fig. 6 Illustration of the level set function describing the cell boundary and the degrees of freedom asso-
ciated with nodes in the computational domain

where the quantity T σ was defined as the tensile stress in the membrane. Finally,
the above system of equations is coupled with the growth equation (41) in order to
determine the motion of the cell boundary in time. The numerical approach to solve
(48–52) is discussed below.

3.1 Cell-substrate equilibrium

In order to determine the spatial and time evolution of the various continuum fields,
the physical domains (representing cell and substrate) must be discretized in a finite
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Fig. 7 a
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Here I = 1, 2, 3 denotes the local node number for each element and the terms ūe
I and

¯̄ue
I correspond to strong and weak degrees of freedom that vanish for non-enriched

elements. Substituting the finite interpolation (58) in the weak form and linearizing the
equations, one can show that the problem reduces to solving the following algebraic
iterative problem:

CU̇ + KδU + F = 0 (63)

where U denotes the vector containing global degrees of freedom, while C, K and F are
the damping matrix, stiffness matrix and force vector, respectively (see Appendix A.2
for a more detailed explanation). Equation (63) is solved at each time step using
a Newton-Raphson procedure and a backward Euler integration method is used to
compute the unknown fields at each time step as follows:

δU = δU̇ · �t (64)

where �t denotes the time increment. Upon obtaining a solution at time increment t ,
the method consists of computing the rate U̇ at the next time step t + �t

U̇i (t + �t) = U̇i−1(t + �t) + δU̇i (65)

where the value δU̇i is computed for each iteration by substituting Eqs. (64) and (65)
into Eq. (63). This leads to the following equation:

(
Ci−1

t+�t + �t.Ki−1
t+�t

)
.δU̇i = −

(
Fi−1

t+�t + Ci−1
t+�t · U̇i−1

t+�t

)
. (66)

Iterations are then repeated until the norm of the vector |δUi | is smaller than a small
tolerance.

3.2 Cell growth and level set evolution

To model cell growth, results from the equilibrium equations at each time-step can be
used to estimate the pulling and membrane resistance forces appearing in (41). Since
the cell radius is defined in terms of the level set function φ, its rate of change in time
can simply be expressed in terms of the traditional level set evolution equation (Duddu
et al. 2008):

Dφ

Dt
= ∂φ

∂t
+ V

∂φ

∂r
= 0 (67)

where V is cell boundary velocity computed in (41). Defining the level set as a sign-
distance function (i.e. ∂φ

∂r = 1), we can find the expression of the level set function at
time step t + �t as:

φt+�t = φt + V · �t. (68)

123
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Growth typically involves the creation of new material points, whose composition is
unknown, at the cell boundary. It is thus necessary to make some assumption regarding
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Fig. 8 Left Relationship between cell contraction and cell area for different substrate stiffness. The model
predicts a nonlinear relationship between contraction and substrate stiffness in agreement with experiments
on micropillars (Ghibaudo et al. 2008). For comparison purposes, the simulated force in the ordinate is
equal to the total computed integrin force divided by the number of pillars from experimental images and
multiplied by the ratio of cell areas obtained from experiments and simulations. Right The evolution of radial
stress T s

rr in the substrate, volume fraction φSF
r of stress fibers in the radial direction and the concentration

cH of high affinity integrins are also shown for different substrate stiffness

Fig. 9 Evolution of pulling force, membrane resistance force and cell area in time

Cell adhesion Cell adhesion is provided by the clustering of integrin–ligand complex
resulting from the chemical equilibrium described in Sect. 2.2. Cell contraction triggers
a radial separation between its membrane and the underlying substrate, such that the
separation reaches a maximum at the cell’s periphery. When ligands are present, the
integrins resisting this separation are subjected to large stretching forces in this region,
which leads to their stabilization [according to (22)]. This explains the accumulation
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Fig. 10 Changes of cell area and high-affinity integrin concentration at steady state for different substrate
stiffness, and comparison with experimental results of Solon et al. (2007)

where the spreading rate, pulling force and membrane resisting force are depicted as a
function of time. It is seen that the spreading rate is a function of the difference between
f p and f g such that when f p − f g vanishes (the two curves meet), the velocity of
spreading becomes quasi-negligible. Another effect of the pulling force is to increase
the rate of spreading by raising the activation energy. The model therefore predicts
a rise in both cell area and spreading rate with contraction and substrate stiffness as
shown by the fact that the cell area becomes larger as one moves to the right in Fig. 8.

The model particularly predicts that the three above mechanisms are strongly inter-
related and dependent on substrate stiffness and ligand density. We next assess the
soundness of the model by comparing numerical predictions and experimental mea-
surements from the literature.

4.2 Effect of substrate stiffness on cell area

Experimental studies on fibroblasts have shown that cell area (Solon et al. 2007)
increases with substrate stiffness in a nonlinear fashion (Fig. 10). Here, we investi-
gate this dependency by considering an elastic substrate whose ligand concentration
is infinitely large (clg → ∞) to ensure that cell spreading is only affected by stiffness.
To investigate cell spreading, we start from an original cell configuration of surface
area A0 ≈ 600μm2 in which no stress fibers and high affinity integrins are present.
Since this system is originally out of equilibrium, we observe a time dependent stress
fiber formation, integrin–ligand adhesion and cell spreading that eventually reaches a
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Fig. 11 a Changes of cell area and stress fiber volume fraction during growth for different substrate
stiffness, and b experimental results of Yeung et al. (2005)

a limit, which depends on two mechanisms that act against actin polymerization. First,
stress fibers eventually reach a maximum concentration, which limits the contraction
a cell can exert on its surrounding and thus the pulling force. Second, according to
(41), the rate of spreading is controlled by the competition betwe4b3l80 re
53.406082pulling and
the resisting force. As observed in Fig. 9, the resisting force, while originally weak,
increases at a much faster rate than the pulling force and eventually become the dom-
inating factor; this puts an end to cell spreading.

4.3 Rate of cell spreading
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ligand attachment on the plasma membrane is promoted by large integrin pulling force
and tends to reinforce both contraction and adhesion on stiff substrates. Finally, the
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and enforcing the fact that T c
zz = p, we obtain the following expression for εzz :

εzz = 1

1 − ν

[ p

E
(1 + ν)(1 − 2ν) − ν(εxx + εyy)

]
(71)

where E and ν are the Young’s modulus and Poisson’s ratio of the actin filament
network. Their relationship with Lame’s constants appearing in (70) is given below:

E = μ′(3λ + 2μ′)
λ + μ′ ; and ν = λ

2(λ + μ′)
(72)

We now wish to express the divergence ∇ ·vc of the velocity field vc for substitution in
the equations of mass balance (4–6). For a three dimensional problem, the divergence
reads ∇ · vc = ε̇xx + ε̇yy + ε̇zz where a superimposed dot is used to denote a time
derivative. Using the fact that:

ε̇zz = 1

1 − ν

[
ṗ

E
(1 + ν)(1 − 2ν) −
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