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Table 1 

Meaning and dimensions of mathematical symbols used in the manuscript. 

Symbol Meaning Unit 

b Length of a chain’s segment m 

C Total chain density mol/m 

3 

c, c d Density of the attached chains, density of the detached chains mol/m 

3 

D The energy dissipation of chains J/s 

f Probability density function of the end-to-end distance of chains 1/m 

3 

k a Association rate of active chains that are detached 1/s 

k d Dissociation rate of active chains that are attached 1/s 

k B Boltzmann constant 

L , L −1 Langevin function and its inverse 

N Number of segments in a polymer chain 

p Lagrange multiplier that enforces incompressibility Pa 

r End-to-end vector of a chain m 

r End-to-end  

B   m 

r  Length  of a



F.J. Vernerey / Journal of the Mechanics and Physics of Solids 115 (2018) 230–247 233 

Fig. 1. (a) Cross-linked polymer network and 
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show that, when force free, the average end-to-end distance of a single chain is related to the number N and length b of

Kuhn segments by r 0 = 

√ 

N b. Further assuming that at a length-scale that is much larger than individual chains, the network

is random and isotropic, the stress-free chain distribution can be expressed as a normal distribution f 0 with a zero mean

and a standard deviation 

√ 

N b/ 3 in each of the three spatial directions. We write ( Treloar, 1975 ): 

f 0 ( λ) = 

(
3 

2 πNb 2 

) 3 
2 

exp 

(
−3 λ
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condition φ( λ, 0) and boundary conditions φ → 0 as λ→ ∞ . Under the assumption that individual chains
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Fig. 4. Schematic of the problem set-up. We consider a polymer made of a static network with active chain concentration c s and a dynamic network with 

active total concentration c d . The response of this polymer is assessed with an unconfined uniaxial compression (or tensile) test, under different rates of 

loading and unloading histories. 
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where the superscript i is used to designate each network ( i = s, d). A version of the kinetic equations in this context are

presented next for each network and the entire polymer. 

Static network. In the static network, the concentration remains constant over time c s (t) = c s and the components of

the distribution tensor can be determined from the fact that μs = J F T F = diag(λ2 , 1 /λ, 1 /λ) (using the incompressibility

condition). This yields: 

μs = λ2 and μs 
∗ = 1 /λ. (31)

Dynamic network. In the dynamic network, the evolution of concentrations and distribution tensors are determined from

Eqs.̄ . 0 0 0 4
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Table 2 

Material parameters for a permanent/dynamic double network with nonlinear 

chain elasticity. 

Type Symbol Meaning Unit 

Dimensional C Total chain concentration mole/volume 

k d Detachment rate 1/time 

Non-dimensional N Chain length no unit 

k ∗a = k a /k d Attachment rate no unit 

α = c s /c t Permanent chain fraction no unit 

Fig. 5. Cyclic compressive response of rubber under constant loading rate ˙ λ/k d = 1 / 25 . (a) Experimental data from Bergstrom and Boyce (1998) with model 

comparison. (b) and (c) Predicted time evolution of the chain stretch λ̄ = tr(μ) / 3 and normalized stress σ i / c i k B T for the static network SN (dashed lines), 

dynamic network DN (semi-dashed lined), and their average TN (solid line). (d) Predicted normalized stress-strain response by the kinetic theory. Again, the 

response is decomposed according to its static SN, dynamic DN, and total TN contributions. Note that the stresses and strains are shown here as positive 

in compression. 

 

 

 

 

 

 

 

 

 

4.2. Cyclic compression of elastomers 

In this example, we consider the uniaxial compression of a Chloroprene rubber loaded with carbon black particles as

studied in Bergstrom and Boyce (1998) . The viscoelastic properties of these elastomers arise from the disruption of en-

tanglements and reptation of long polymer chains during deformation. In other words, an entangled chain may appear as

mechanically active at short times, since entanglements may themselves be viewed as physical cross-links. However, as the

chain is stretched, over time it will dissociate from the entanglement and evolve towards a more relaxed configuration. This

new configuration may also contain entanglements, and this event may therefore be interpreted as an attachment event.

Such molecular mechanisms have been captured by the reptation theory of de Gennes (1979) , in which the lifetime τ of

a physical link was found to scale with the square of chain length. The rate of detachment may therefore be seen as the

inverse of this lifetime, i.e., k a = k d = 1 /τ . We assume here that these rates are independent of time, chain stretch and poly-

mer deformation. Finally, experiments show that this rubber shows a relatively strong 
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Fig. 6. Repeated cyclic loading under constant loading rate ˙ λ/k d = 1 / 25 with increasing amplitude. (a) Experimental data from Bergstrom and 

Boyce (1998) with model comparison. (b) and (c) Predicted time evolution of the chain stretch λ̄ = tr(μ) / 3 and normalized stress σ i / c i k B T for the static 

network SN (dashed
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Fig. 7. Cyclic loading with stages of stress relaxation under constant loading rate ˙ λ/k d = 1 / 25 . (a) Experimental data from Bergstrom and Boyce (1998) with 

model comparison. (b) and (c) Predicted time evolution of the chain stretch λ̄ = 
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Fig. 8. Cyclic loading of the PVA double network with a loading rate 0.3 s −1 and unloading rates 0.1 s −1 , 0.01 s −1 and 0.001 s −1 , respectively. (a) Ex- 

perimental data from Long et al. (2014) . (b) Predicted time evolution of the chain stretch λ̄ = tr(μ) / 3 (thick lines) compared with the average stretch of 

the sample (thin lines) for unloading rates 0.1 s −1 and 0.01 s −1 . (c) Predicted nominal stress P / ck B T for unloading rates 0.1 s −1 and 0.01 s −1 . (d) Predicted 

stress-strain response by the kinetic theory, to be compared with (a). 

Fig. 9. Cyclic loading of the PVA double network with a loading rate 0.01 s −1 and unloading rates 0.1 s −1 , 0.01 s −1 and 0.001 s −1 , respectively. (a) 

Experimental data from Long et al. (2014) . (b) Predicted time evolution of the chain stretch λ̄ = tr(μ) / 3 (thick lines) compared with the average stretch of 

the sample (thin lines) for unloading 0.01 s 

−1  s  −1  s   ∞  . (c) 
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A discussion regarding the validity of the above approximations is provided in the paragraph following Eq. (22) . For this, it
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